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INTRODUCTION 


The purpose of this paper 4s to determine and define the abstract groups 
of orders one through twentyesix. It begins with the definition of a group 
which is followed by some elementary concepts of group theory. Most important 
are the concepts of subgroups, conjugate elements and subgroups, Sylow's 
theorem, direct products, and isomorphisms. The Sylow theoren is stated but 
not proved because of the length of its proof. 

Finally, the theory that has been developed is used to obtain the number 
of and the defining relations of the groups derived, in the sense of isonor 
phism no two of these groups are the same. The paper is sumariged by a table 
which compares the number of groups with the order, 

Since the order of a group is a positive integer, it is necessary for the 
reader to have an understanding of the elementary concepts of modulo systens 
and partitioning from number theory. Otherwise, the material contained herein 
ig sufficient for the understanding of the contents. 


PURDAMENTAL CONCEPTS 


Consider a set of elements a, b, «+s, n which may be combined by a well 
defined operation, If these elements satisfy the following four postulates, 
then they are said to form a group. 


1.) 
2.) 
3. 


*.) 


For every 4 and b in the set, the product? ab belongs to the set. 
the associative law is valid. (ise. (ab)e = a(be).) | 
am identity elesent I exists such that for every g in the set 
ale Ia a. 

For every 2 in the set, there exists an inverse denoted by a 


such that 41 = aa” «I, 


The group is said to be Abelian if the following postulate is added, 


3.) 


The commutative law is valid. (4.6. ab = ba). 


Definition 1: if a subset H of elements of a group d forms a group, 
then this subset is called a gubgroup of d. If a subgroup H is neither 
G itself nor the identity I alone, then N is called a proper subgroup 


of 6. 


Tt should be noted that under the group operation, the elements satisfy 
the ordinary laws of exponents. 

If an clenent f of a group is raised to a positive power n and if g 
is the least positive integer for which a” = I, then g is said to be the 
order of 2. Tt follows that the elenent a has g distinet powers mod n. 
The powers of g form a set of g elenents, which as has been determined above, 


tHereafter the tem product will be used to define the operation between 
@lenents whether this operation is addition, multiplication, or some other 
operation. This product will be designated by the juxtaposition of the ele- 


are distinct. These elements certainly satisfy the closure postulate, for the 
product of any two of them belongs to the set. Obviously the associative 
postulate holds. ‘The identity clement I is in the set, for a" =I, Finally, 
if a* 4s any elenent of the set, then a™* is its inverse for 1 K n. There- 
fore the set forms a groups But the elements also commute, and the Abelian 
group formed by powers of a single element is called the cyclic group of order 


Re 


Definition 2: If the number of distinct elements of a group 0 is n, 
then n is said to be the order of d. 


Hereafter when the term group is referred to, it will be assumed that 
its order is finite, 


Theorem 1: A nonempty subset 8 of a group d is a subgroup if: 
(1) a and ; are in S, then ab is in 8, 
(44) a 4s in 8, then a ds in 8. 


Proof: From condition (i) the subset is closed, Obviously the associa. 
tive law holds since the subset is from a set in which the associative law 
is true. It is implied by condition (ii) that every element has an inverse 
in the set. The two conditions taken together imply that i is in the subset, 


for 


aa sis ava, 


Thus the subset forms a group, and the theorem is proved. 

Let d be a group and H a subgroup of order h of d. Then the set of 
elements bh, for i= 1, 2, ses, h, where the hy belongs to H and b, belongs 
to G, is called a right coset of H. This coset is denoted by b. H. Similarly 


Similarly Ho, is called a left coset of . It ie important to note that 
i= His also a right coset, If for sone 4 and j,d,h, © din, then h, = hy. 
This is impessible since the elewents of a subgroup are distinct. Therefore 
the elenents in each right coset are dist met. Similarly the clenents in 
each left coset are distinct. 

The goncept of right coset is used in the proof of Lagrange's theoren 
which will be referred to several times in this paper, 


Theoren 2: The order of a eubgroup H of a group d is a factor of the 
order of 6. 


Proof: Let l be a subgroup of order I of d. Then H is a right coset, 
if g is the order of d, and if ¢ = hy then the theeren is true, If g > h, 
then d has an elenent not in H, call it U. Henge b,H is another right coset 
aber ah pee, If Bh, n, for sone 4 and J, then 

1 b This is contrary te the choice of b,. If g¢ A, then the 
theoren is proved, If g > 2h, then d contains another clenent ba different 
from di which is not in H or ba, Therefore b is a third right coset of H 
mne . 
4 and j, then b, = bbb, Similarly 4f bah, @ hy, then b. hi 
both cases this is contrary to the choice of b. Again there are two cases, 
either g = N, or g¢ > Sh. If ¢ , then the theorem is proved, If ¢ 3h, 
then continue by finding a distinct elenent b, of d not in any right coset 
previously determined and form a fourth right coset. Continue the process 
until a K is found such that if f > (Ahn, then ¢ = kh, Thus the proof of 
the theeren is completed, 


It follows from the proof of the theoren that the number ef right cosets 


is g/h = k where g is the order of d and ; is the order of H. This nusber 
K is called the A of f in 6. 


Definition 3: if every element of a group ¢ can be expressed as a 
product of powers of elements in a subset of 0, then the subset is said 


to generate 


If 8 is a set of generating elements of a group d, and if no clement 
of 8 gan be expressed as a product of powers of the remaining elements of d, 
then 8 is said to be a set of independent generators, 


Theorem 3: very group d possesses a set of independent generators. 


Proof: Let the set of elements I, b. . „ n be the set of all of the 
elements of d. The clement J dan be removed since it is the product of any 
element and its inverse, Now, either the remaining elements in the set fom 
an independent. set of generators or they do not. If they do, then no elenent 
can be expressed as a product of the remaining ones, Thus the theorem is proved, 
On the other hand if the remaining elements do not form an independent set of 
generators, then some other element, say a, can be expressed as a product of 
the others, Then either the set of elements with I and a deleted is a set of 
independent generators, or it is not. If it is, then the theorem is proved, 
If not, continue the process until a set of independent generators is found, 
and the theorem is proved, 


The defining relations of a group indicate the orders of the generators 
of the group and the relations between then, 

As a result of Theorem 3 the cyclic group is generated by a single ele- 
ment, for every element of d can be expressed as a power of g, where 2 is the 
single element. 


Let 1. Bos eves a,, be a given set of elements, Then the notation 
814 eds 18 used to denote the group that arises from every possible 
product of the given clements, For example the eyslie group ef order g can 
be denoted by {aj. 


Theorem 4: The order of an clement of a group 0 is a factor ef the order 
of G, 


Proof: If m is the order of an element g of d, then a” = I, defines the 
syelis group of order g. Honee it follows from Theorem 2 thet m is a factor 
of the order of d. 


Conjugate Elements and Subgroups 


Consider the elements g, B. and 4 of a group d. If lat = b, then 4 
is seid to transform 9 into g. If a b. then g is said to be invariant or 
gelf~conjugate under b. That is, if t lat = a, then g conte with every 
element 4 of d. 


Definition &: If the alerents g and are elements of a group d, then 


a and tat are said te be conjugate elements of 0. 


Theorem 5: If g and t™ at are two conjugate elements of a group 0, then 
(tat)n = ema", 


Proof: (t-Lat)n = t-Aatt-Iat. . t lat 
„t att Lat. „ t lat 


A. 


Theorem 6: Two elements which are conjugate in a given group have the 


same order, 


Proof: Let g be an element of order g, and g any other element of d. 
Then from Theorem 5 


(tat) n n 
= Art 
= I, 
Conversely if tet is of order g, then 
a" = (tm tae 
„ (tat- 
= treet 
m I, 
Thus the theorem is proved, 


Let Ant be the set of conjugates of the elenente of H under g. It can 
be shown that this is a subgroup. 


Definition 5: If H is a subgroup of a group d, and t is an element of d, 
then H and tnt are called conjugate subgroups of d. 


The subgroup H is said to be transformed into m by the element 3. 
If £ is an clement of H, then every subgroup tii of d is conjugate to itself, 
since it can be transformed into itself by each of its om elements, If the 


—— —— 


. u. sbert Dy Carmichael, Groupe of Finite Order, Ginn and Company, 1937, 


subgroups H and t Int are identical for every 4 of d, then I is said to be 
a self-conjugate or an invariant subzroup of 0. 


Definition 6: The senter of a group d is the subgroup whose elements 
transform each element of d into itself. 


In the proof of Lagrange's theorem if H is self-conjugate, then the cosets 
form a group, This group is called the guotient group and is denoted by d / f. 
Its order is equal to the index of H in d. 


Direct Products 


The following theorem is essential in determining the mmber of groups 
of certain orders. 


Theorem 7: If two groups H and K have no element in common except the 
identity, and if every element of H commtes with every element in R; 
then the set I, K is a group of order hk, 


Proof: If h, belongs to H and k, belongs to K, whore 4 = 1, sees h and 
J = 1, sony ki then there exist hk elements of the form h,k,. Since every 
Clement hk, = K h and since 1 and K are groups, the set is closed, The assoc~ 
iative law holds for it holds in H and k. The identity element belongs to the 
set since it is in beth H and k. Also every clement has an inverse for the set 
contains every element in the two groups, Therefore the set forms a group and 
from the first sentence in this proof, the group is of order hk, Hence the 
theorem is proved, 


Definition 7: The group in theorem 7 is called the direct product of 
and K. 


Tsonorphisns 


Sappose there are two groups g and H both of order B. Let 1, aos eves 
an and By» Doe . „ % de the Clements of d and f respectively. If the elements 
with the same subseripts correspond to each other, and if a,a, « bb, for 
all i and 4, then the two creupe d and H are said te be isomorphic. 

Now suppose one wants to obtain all possible groups of a given order, 

If the defining relations between two of these groups are the samo, then these 
two groups are isemorphic, As a simple exemple consider the two groups of order 
% one being the group defined by the integers (mod 4) under addition, and the 
other by the elements (I, i, «1, +i) under the operation of miltiplication, 
where 3 is the complex number defined in the usual manner, The isororphisn 
established between the two groups is more easily seen if a table of the eles 
ments ie set up as follows: 


90 1 
6 1 
1 2 
2 3 
3 80 


S 
8 Oo 8 


9 83 


The relationship between the clement 0 . 1114 11 2— «1; 
and 3 «» «i of the respective groups indicates that the first condition for 
en isomorphism holds, To show that operations are preserved one only needs 
to abeorve from the two tables that ala, <> bb, holds for every element. 


Sylow's Theorem and Consequences 


The first two of the following three theorens are quoted because their 
results are needed in a later proof, The most important Sylow Theorem is quoted 
and not proved because of the length of its proof, The third theorem enables 
one to detemine the number of subgroups whose order is the power of a prime, 
This concept is extremely important in the development of the possible groups 
of a given order, 


Theorem &: The elements of a finite group d which comte with a given 
element g, in d form a subgroup H of G. The under of elements conjugate 
to g, in d is equal to the index of H in 0. 


Theorem 9: The elements of a finite group d which commte with a given 
subgroup H of G form a subgroup K of G which is either the same as H or 
contains H as a self+sconjugate subgroup, The number of subgroups conjugate 
to H in G 4s equal to the index of K in d. 


Theorem 10 (Sylow's): Let d be a group of order g and let p” be the highest 
power of a prime p contained in 5 as a factor, m being a positive integer, 
Then d contains at least one subgroup of order N. All its subgroups of 
order p" form a single complete conjugate set, and their mer is Ip, 
where k is an integer (positive or zero). 


The subgroup referred to in Theorem 10 is called a Sylow subgroup, 
In the proof of Sylow's Theorem the following corollary was proved. 


5 yg, emiehael, Robert D., Groups of Finite Order, Ginn and Company, 1937, 


2d. p. 9. 
Ibid., p. 8. 


Corollary 1: The only elements of d which commte with a Sylow subgroup 
of d of order p and whose orders are powers of p, are the elements of that 


Sylow subgroup. 


Cor ar 2: The number l+kp of Sylow subgroups of d of order n is a 
factor of the order of d. 


Proof: From Theorem 9 the number of subgroups conjugate to H in d is 
equal te the index of K in d which is a factor of the order g of 6, Sinee the 
Sylow subgroups of order f form a complete set of conjugate subgroups of U, 
this number Ip mst be a factor of the order of d, and the corollary is 
proved, 


Prime Power Groups 


Definition 8: A prime power group is a group whose order is a power of 
a prime, 


Let d be a group whose order is not a power of a prime, Then if f is 
the order of d, n= 1 5 2 . . p. There are at least two primes oontained 
in g. Thus from Sylow's Theorem G contains two or more prime power subgroups, 
for if Pl and p are factors of py then there exists 1+k,p, subgroups of order 
“i, and Lg subgroups or order p,"2, where k, and ka are nonenegative 
integers, A given group may be generated by a set of Sylow subgroups; for if 
this set contains one Sylow subgroup of each order, then for each Sylow subgroup 
there exists a set of generators, These generators determine a group whose order 
is at least as great as that of the given group, and hence the group so generated 


Icarmichael, Robert D., Groups of Finite order, aum and Company, 1937, 
p. 63. 


coincides with the given group. This fact alone shows the importance of prime 
power groups. 


Theorem 11: A prime power group d of order Y. contains a self-conjugate 
element of order g. 


Proof: when d 4s Abelian, then every element in d is self-conjugate, and 
hence the theorem is true, Then suppose d is non-Abelian, Let g be an element 
of G which is not self~conjugate, and consider the complete set of conjugates 
to which g belongs, From Theorem 8 it follows that the number of conjugates 
of g is a factor of Fa, and henee the number is P where E is some positive 
integer, Therefore the elements of d which are not self+conjugate fall inte 
sets, each containing a mumber of olements which is divisible by g. Sinee no 
two of these sets have an clement in common, it follows that the mumber of ole 
ments in d which are not self-conjugate is a miltiple of g, say ip, But the 
number of elements in d besides the identity is P. Let k be the mer of 
self-conjugate elements in d besides the identity. Then ktip = P implies 
that kth = p(p™ si), and At follows that kel is divisible by g. If k = 0, 
this conclusion is net valid, Hence d contains a self-conjugate elenent besides 
the identity, and the order of such an element is necessarily a power of g. 
Therefore the theorem follows, 


Corollary 1: The number of self-conjugate elements of G is a power of 
Be 


Proof: From the above theorem all distinct powers of the self-conjugate 
element are self-conjugete, Henee the number of self-conjugate elements is 
a power of g. 
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Corollary 21 A group H of order p* 4s Abelian, 


Proof: If H contains an elenent of order Pa, it is cyclic, and hence 
Abelian, r His not ey@lic, let g be a self-conjugate clement of order p 
and let b be an clement of M which is not in az. Then d Ab = a which implies 
ab = ba, From Theorem h the element b 4s also of order g. Therefore N is the 
direct product {a,b5 of {a} and {bj, and ſa, bz is Abelian. 


Corollary 3: SBvery group d whose order is a miltiple of a prime contains 
an element of order g. 


Proof: From Sylow's Theorem it follows that d contains a subgroup of 
order g. Hence from the theorem just proved, d contains an element of order 
E. Thus the corollary is proved, 


Groups of Order pq 


Suppose G is of order pq, where 2 and g are primes, Let p be less than 
a- Then from Sylow's Theorem the number of subgroups of order g is of the forn 
ltkq. The second corollary of Sylow's Theorem indicates that this nber divides 
Pas Hence there is only one subgroup of order g since p g, and g is the order 
of the unique cyclic group {bj defined by bd = I, The mumber of subgroups 
of order g is of the form Up and divides pq, and thus mst be 1 or g. If 
the number of subgroups of order p is 1, then there exists a self+conjugate 
subgroup {a} defined by a” = 1. Consequently, d is the direct product of a 
and {b}, Here ¢ = ab is of order pq, and G is celle, There remains the case 
with Ip = q subgroups of order p, where a subgroup fa] of order p is not 
self-conjugate, Then 


a? = I; bi = I, 


2 


Since o; 46 selfsconjugate, 4 ba = b", for some x. Hore if 1, 0 is 
Avelion, and it is the eyélie group named above. Hence in order te have a 
new group, r F 1. nen CS SPRY ie Ot tn verter VS ov, 
genes “ee? en e Proweeding by induction it is aseumed that this 
is true for jel, Thas 


arity 
Ae e en ae 
vor 4 © py. tate es & © Pee? @ 0. Since b is of order d. 1 2 1 
(med a). ‘Then the complete set of defining reletions is 
1.) oP bt = Ty ba © ad", 


If W 1 (mod d) has only the solution r= 1, then there exists only one 
abstract croup of order pq. Tf r= 1, a” ne = 2 implies that ba = ab, This 
10 the eyelic group named above, Thus in order for there to be more than 
one group of order pq, © = 1 (mod d) mst have more than one solution, 

The condition will now be determined in which the equation r” = 1 (mod q) 
has more than one solution, Using the index theory one can change 


v? = 1 (mod q) 
inte bind r) 2 0 (mod qe). 
If p divides qul, then let p = k(qel) so that 


ind rs 0 (mod k). 


This will have more than one solution for 5 mod d. Therefore the condition 
has been established, Hence the following two relationships exist for abstract 
groups of order pq. 


1.) 41. 


2.) a? b i bas b r #1 (mod d) where p divides q-l, 


Abelian Groups 


An Abelian group can have only one Sylow subgroup of a given order 
once all the Sylow subgroups are conjugate under every group, Hence every 
Abelian group is the direct product of its Sylow subgioups whenever its order 
is divisible by more than one prime number, Then a necessary and sufficient 
condition that two Abelian groups are isomorphic is that their Sylow sub- 
groups are isomorphic, Hence the study of Abelian groups is reduced to the 
study of groups whose orders are powers of a single prime number because the 
order of a Sylow subgroup is a power of a prime. In particular if the order 
of an Abelian group is not divisible by the square of a prime number, the 
group must be qyclic, If pq is the order of the group d, then from the se- 
tion on groups of order pq there exists only one Abelian group of order pq, 
namely the cyclie group. 

The abstract four-group has the elements, I, a, ab, b, with the fallen 
ing miltiplication table: 


ene 5886 
“Fe ris 


a 
a 
1 
5 
ab 


88 * * 


＋ 8 20 


The symmetric miltiplication table indicates that the group is Abelian. Also 
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The table shows that any one of the three non~identity elements combined with 
the identity element forms a eyclic group of order two, (i.e. The two elements 
form a subgroup of the four-group). This result helps in part to prove the 
following theorem. 


Theorem 12: if the order n of an Abelian group d is divisible by an 
integer g, G contains a subgroup of order g. 


Proof: The example preceeding this theorem shows that the theorem is 
true when n= 4, Mathematical induction will be used te prove it in general. 
Assume it is true for all orders less than g. Let p be a prime factor of 
me Sinee d is an Abelian group each of its subgroups mst not only be self. 
Conjugate, but also Abelian, Se d contains a self-conjugate subgroup, say H, 
of order g. Now the Abelian quotient group G/H has order n/p which is less 
than g. By induction it contains a, subgroup of order m/p and to this subgroup 
of G/H corresponds a subgroup of order m in G, which completes the proof of 
the theorem, 


Theorem 13: An Abelian group whose order is not a power of a prime 
number is the direct product of all its Sylow subgroups, 


Proof: Since all Sylow subgroups of a given order in a finite group 
G form a single complete conjugate set, it follows that a given Abelian group 
can have only one Sylow subgroup of a given order, Since no two of these 
subgroups have an element in common except the identity, the theorem follows. 


Lemma it If g, is the element of largest order, p 1, in a prime-power 
m 

group G, and if g.. is any other element of G, then e . is contained 

in the cyclic group generated by 81 · 


17 


Proof: the order of g 16 a power of p, for the elenents, Ty fg. 4. 
225 eee oF? « 1, Form a subgroup of d. Henee from Lag ranges Theorem the 
order of the subgroups of d is a factor of , where N is the order of d. 
Since p"2 is the order of g., and from the hypothesis u 8 m,, then 


oF S Pere . 
Thus the Lema is proved, for I 4s certainly contained in { 2,3. 


Theorem 14%: A nonayelic Abelian group d whose order is a prime power, 
say p", is the direct product of independent eyelic groups. 


proof: From the Leuna every element of d raised to the (p"L)th power 
is in {g)}+ Choose a such that the (p"2)th power of any element in d belongs 
to {ay 3e out the (Ieh power of some clement in d, Say a, does not bo- 
Long to {g,{+ Since f¢,} 16 eydlic and d contains no element of order greater 
than pl, it follows that every elenent which is in (is and is the (p2)th 
power of an elenent of q is a (p"2)th power of an element in Teil. Let ap! 
be in {g,3 whose (p"2)th power of apa, is in (eil since such a power is the 
product af two factors, one of which belongs to (613 while the other does not. 
Then set a = go. Then dz; is the second of the eyelic groups named in 
the theorem, for (a,'a, = I, 

The direct product ff, C, of ff and t is either d, or it is not, 
If co, the theoren is proved; and if not, let ug be such that the (p"3)th 
power of every clenent of d 18 in 6g · zz · while d contains an clement a, 
whose (5"5"!)th pover 4s not in fe,.¢9}. Then there is an clonent a," in 
{G,+8qi whose ( ) ih power is the inverse of the (p"3)th power of ay. Let 
239 * Bae Then the clenent ¢, is of order p"3, while no power of ¢, lover 
than the (p"3)th 46 in eg. 6; · Mus {g,} 46 the third celle group naned in 


the theorem, Hence the direct product of 78] and (8. 18 581. 82.3 · 
Again 7612.84; 18 Gy oF 4 is not, If not repeat the process until d can 

be expressed a5 gg . SH a direct product of k aydlic groups, as demand- 
ed in the theoren, 


If the concept of the direct product is extended to the direct product 
of several groups, and if p™ is the order of the (i)th such group, then one 
observes that 

pt F , 
F. 


Thus * By . n. 
Henee the following definition is stated, 


Definition 9: If the orders of g,, 62 · * e are Pe V2. . . , PR 
respectively, then d is said to be of type (ul, mop «oes ) 


Corollary 1: The mmber of abstract Abelian of order F equals the 
number of distinet integral partitions of g, each partition giving rise 
to a distinct type. 


Proof: This corollary follows immediately from the theorem and Definition 
9. 


POSSIBLE ABSTRACT GROUPS OF GIVEN ORDER 


The theory that has been developed can now be applied to determine the 
number of abstract groups of a given order, Since many of the developments 


19 


are Similar, it will be sufficient to determine only a feu of then in this 
paper, It follows from Theorem II, Corollary 2, that there exist only Abel lan 
groups of order 5a, where p is prime, Fron the Corollary of Theoren 14 there 
are only tvo abstract groups of order pe since there ave only two partitions 
of the integer 2, 

The groups of orders 12, 18, and 20 have orders of the form Pede where 
E and g are primes, The abstract groups of order 12 will be determined, A 
Similar procedure can be followed to determine the abstract groups of orders 
18 and 20 respectively. 

The groups of prime order are determined by the following theorem. 


Theorem 15: There exists only one abstract group d whose order is 
prime . 


Proof: From Theorem 4 the order of an clement of d is a factor of the 
order of d. However, the only factors of p are 1 and g. If the factor is 
D then the subgroup is cyclic with order p, Therefore this is the only group, 


The order of the groups of order 2% is of the form pa where f and g 
are primes, Sinee they are of a different type than the other groups of 
order 1 through 26, they will be determined. Finally, the results of the 
section on groups of order pq will be used to complete the table of abstract 
groups of order 1 through 26, 


Groups of Order 8 


Since 3 can be partitioned inte (3), (2, 1), and (1, 1, I), there are 
three Abelian types of order 8. They have the following defining rilations, 


1.) a® # TI, 


2.) a? I xy © yx, where x, ya, b. 


3.) a® = bp” = o* = 1; ay © yx, where x, y 4. b. 0. 


A noneAbelian group of order 8 cannot contain elements of order 8 for that 
is the cyclic group which has already been detemined. If all the elements 
are of order 2, then 


(ab)? = abab © 1. 
ab = a(I)b = a(abab)b = a*bab* = ba, 


and the group is Abelian, Hence there mst be an element of order 4, say 
as I, If R belongs to the subgroup {a}, then d is da, ad, and be belongs 
to jai. If b” = a or a, then b is of order 8, for 

Is a’ bad 602) v®, 
or 


ve „ (7) (4) „ (4%) „ . 


and G is cel 4e. Hence de = I or a”, sob’ 1. Since a is selfaconjue 
gate, bab belongs to fa} and bab e a or 85. But if bab = a, then 

ab = ba, and d is Abelian, Thus bab = a), consequently there are two 

non-Abelian groups of order 8, One generated by the relations 


4.) 4 = b* = 1, ab = bas, 
which is called the dihedral group, The other group is generated by 
5.) a = 1; b? = b be) = ba, 


which is called the quaternion group, Thus there exist five abstract groups 


ef order 3. 


Groups of Order 12 


The Abelian groups of order 12 ere determined by taking the direct pro- 
duct of the groups of order 4 and the group of order 3, Sines there are 
just two groups of order 4, both Abelian, then there are 2 Abelian groups 
of order 12, They are defined by 


1.) 5 bo Ts ob ba. 


2.) a= b* =o? = 1; xy = yx, where x, y = a b. e. 


Now suppose the group of oder 4 is oyelic, This cyelic group is either 
self-conjugate, or it is not, If it is, let b be the element which generates 
ite Also let g be an clement of order 3 such that 6 = I, Then 


an be 2b” 
* W = r 
73 


b b 


r= 1 (mod 4) 


1 2 1 (mod 4), 


it follows that 9 commtes with b, and hence @ is an Abelian group. 
Then since all ef the Abslian groups have been determined, no new groups 
are determined, 
Consider the case where the cyclic group of order 4 is not self~conjugate, 


Then ba 4s a selfsconjugate element, and {aj is alse self-conjugate, Hence 
—— = a” 


4 
en od 


4 
22 


* 2 1 (nod 3) 
r E 1. 2 (mod 3). 


rz 1 (mod 3), then one obtains the celle group of order 12. Renee 


rs 2 (mod 3) is the only new result. 
3.) a „ ab © be’, 


Now suppose the group of order 4 is the foursgroup, Mther it is self. 
conjugate, or it is not. If it is, then 


an ba © b, be, or e. 


tf ana = b, then the group is Abelian and has already been determined, If 
„Ade = be, and if 4 bas e, then by eliminating g fron these two relations, 
the following result is obtained. 


baba = aba” 
baba” = ab 
abe bas = b 
a*ba*ba* © 1 


(a%»)> =I, 


Thus the new group is defined by the following relations, 
5.) a = (ab) « b* = 1, 


This group is called the alternating group of degree 4, 

Thus in order to obtain a new group, the fouregroup is not self+conjugate. 
Ten the self-conjugate group of order 2 is either {bj or {oe}, Consequently, 
if g is an element of order 3, it must be one of two conjugate elements 
while ja} is self-conjugate, Thus 


bab = a; cae = a® 


and 1 
cac = a ; bab = a, 


The second relationship is simply the first with b and ¢ interdhanged, 00 
* 


bab” = a 


Tal = a 


2 
a 2 2 


12 = 1 (mod 3) 


1 2 1. 2 (mod 3). 
Hence a new group is defined by 


5.) a = i ab = bas ay @ yx, where x= a, b and y = e. 


Thus there are five abstract groups of order 12, 


Groups of Order 2% 


Fron Sylow's Theorem a group of order 2% = 3(27) mst contain either 
1 or 3 subgroups of order 8. Such a group may also have 1 or 4 subgroups of 
order 3, If it has one subgroup of order 8 and one subgroup of order 3, the 
group must be their direct product, sinee from Sylow's Theorem each of these 
subgroups is self«conjugate, From the discussion on groups of order 8, it 
was observed that there are five dbstract groups of this order, Therefore 
there are five distinct groups of order 2% each of which is obtained by 
taking the direct product of the group of order 3 and one of the five groups 
named in the other section, These five groups have the following defining 
relations, 


1.) a b = I; ab ba. 
2.) a? I xy = yx, where x, y, = a, By 0. 
3.) a? = b* = d = I; xy = yx, whore x, y = ay by o, d. 


u.) a= b= 0% = 1; be = ob; xn = ax, where x= b. 6. 


3.) 5 2 Ip be = eh): xa © ax, where x = b, 0. 


If there are three subgroups of order 8, sone two of them must have 
a Common subgreap of order 4; and this common subgroup must be a self-conjugate 
subgroup of the group ef order 24, Moreover if, in this case, a subrroup 
of order 8 is Abelian, each element of the self-conjugate subgroup of order 
A mast be a self-conjucate element of the group of order 2%, 

Now suppose a group of order 8 is cyclic and let b be the element which 
generates it, If b is self-conjugate and à is an element of order 3, then 


am va = bv” 
aha = bah 
r 


rg 1 (mod 8) 
rel fast. 


Consequently, the above relation 4 Iba = b implies that ab = ba, This is 

the abstract group I.) already obtained, Hence Jh) cannot be self-conjugate, 
and be mst be a selfeconjugate element, Therefore g is one of two conjugate 
Clements while Fa] 10 self-conjugate, Henee, the following relations determine 
A new group. 


6.) 2 11 ab = ba*, 


nent let a group of order 8 be an Abelian group defined by b 6 = I; 
be = ob, If this is self«conjugate, then by considerations similar to those 
given above, it is inferred that the group is the direct product of groups 
of order 8 and 3, and hence has already been detenained, 

If the group of order 8 is not selfsconjugate, the self-conjugate group 
of order 4 may be either {bi or Ih, e. In either case if f is an clement 
of order 3, it mst be one of two conjugate Glenents while {a} is self-conjugate, 
lende there are two new groups defined by 


7.) a = Ty enc = a”; play = a. 


8.) a? » 3; vay = am; cao = a, 


26 


Let a group of order 8 be the Abelian group defined by be e d = 1; 
xy * yx, where x, y b. o, d. If it is selfsconjugate, and if the group 
of order 24 is not the direct product of groups of orders & and 3, then an 
element g of order 3 mst transform the 7 elements of order 2 among themselves, 
Therefore g mst commte with one of these 7 elements. Sow the second rela- 
tion below 


aya bi 4 lea = be 
is not self consistent, because the two imply that 


ns = a” (A) 


= a” nea 
= — 


Therefore an) (a7 507 )0 * a” ca, 


Hence, since the group of order 8 is generated by b, ¢ and any other element 
of order 2 except be, it may be assumed without loss of generality, that 


4 be = by; 4 l * dy ada = bea", 
where x, Y, and 2 are positive integers, These relations give 
0 = Iel = a” ea? 


= — 


Continuing 
¢2 4 240 


„(dae 
h 
„ ) 
008. 
4a = a 
42 a, 
4% (N70) 
42 ( . 
6 253 
bees 45 
ae px(lts) ye gyre" 
= 0. 
Now yz = 1, singe y and 4 are positive integers, then 
1221. 
Now if 


a” 4a = bed, 
and if be = o, bd = d', 


then 4 eta = a', 4 Ida = bial; 


so that the two alternatives x = 0 and x = 1 lead to isomorphic groups. By 
choosing x = O, a new group is obtained, It is the direct product of jb} 
and {a, o, dj where 


9.) 4 Tea = di 4 Ida = od, 


If the group of order 8 is not self-conjugate, the self -en qugate group 
of order 4 may be taken to be ſb, df. H g is an element of order 3, then 
there is a single new abstract group given by 


10.) a? = I; dad = 41 bab @ a; cae = a, 
Let a group of order 8 be defined by the non-Abelian group defined by 


vo? = ot = I; on be = b, 


and let a be an element of order 3. If the group of order 8 is self-conjugate 
and the group of order 24 is not a direct product of groups of orders 8 and 
3. à must transform the 3 subgroups of order 4, (bi, {¢}, and {be}, among 
themselves, Hence 


ba = e 


5 5 
210 = be or (be)>, 


If a transforms g into (be) ?, then 


aca? = pv, 


and g cannot be an element of order 3. Hence in this case there is only 


one new abstract group, 
uU.) 2 = 1; av ba e 4 lea = bo. 


If the subgroup of order 8 is not self+conjugate, the self+conjugate 
subgroup of order 4 is cyclic, and each of its elements must commte with 
& Hence again there is one new abstract group, 


12.) a = 15 bb = a3 140 = 42. 


Finally, let a subgroup of order 8 be a non-Abel ian group defined by 


* 


b 2 = I; che = b, 


This contains one cyclic and two non-cyclic subgroups of order 4, If it 
is self-conjugate, the group of order 24 must therefore be the direct product 
of groups of orders 8 and 3; and there is no new abstract group. 

If the subgroup of order 8 is not self+conjugate, and the self«conjugate 
subgroup of order 4 is the cyclic group {b{, then b mst commte with an 
element g of order 3, and there is a single new abstract group given by 


13.) a * I, vo ap * B, on tac = a’, 


If the self-conjugate subgroup of order 4 is not cyclic, it may be taken 
to be I. be, e, be}. If g commtes with each element of this subgroup, 
there is a single abstract group given by 


14.) a * I, vote = a’, am ac * 


If g does not commute with every element of the self+conjugate subgroup, 
it must transform v*, 0. be among themselves and then b = , aves = bo. 
Now ſo, a’, bs is self-conjugate, and therefore g mst transform g into 


30 


another elonont of order 3 contained in this subgroup, Hence bab = 7, 
The only values of x, y, and % which are consistent with the previous 
relation babe = bea, are 


Rx * 2, 72 31. 
The last new group is therefore defined by 


a = I; a*b*a = ¢; 470 2 be; vt ap = a*v*e, 


when ¢ is eliminated between these relations, it will be found that the only 
independent relations remaining are 


15.) a „ (ba) = 7, 


Then (ba) (ba) = b(ab)a = babe 
——— 
2 


* end 


„bebe 
= (a7ea)a7ea 
0 
* I, 
Therefore there are 15 abstract groups of order 24, 
Conelusion 


It follows from the section on groups of order pq that there are two 


* 


abstract groups of orders 6, 10, 14, 21, 22, and 26 respectively. Since 3 
does not divide 4, there is only one abstract group of order 15, Hence all 
of the groups of order pq through 26 have been determined. 

The order of the groups of order 9 and 25 is of the form p, and hence 
from Corollary 2 or Theorem 11 there are two abstract groups. 

The following table summarises this section, 


Order 1 2 3 4% 5 6 7 8 9 1 u 12 13 


aber 1 1 1 22 1 2 1 3 22 1 3 1 


* 13 164 17 18 19 2 A 22 23 W 25 2% 


2 1 1 1 S1 3 2 2 1 13 2 8 


lournside, Wes Theory of Groups, Macmillan Company, 1897, p. 87. 
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In this paper the abstract groups of orders 1 through 26 are determined, 
The theory involved greatly reduces the labor of testing the group postulates 
in each ease, This gives insight on methods that can be used should one 
desire to determine the groups of orders greater than 26, 

These groups are obtained by breaking down the order inte prime power 
factors, Sine the order of a subgroup is a factor of the order of the group, 
subgroups are used to determine the respective groups, Sylow's theorem and 
corollaries are used to determine the mumber of subgroups of the respective 
orders, If there is but one Sylow subgroup of each possible order, then the 
group is formed by taking the direct product of these respective subgroups, 
The Abelian groups are determined by taking the direct product of Abelian 
subgroups, A subgroup is either self-conjugate or it is not. If so, then 
every element of the group must transform this subgroup into itself, This 
gives a relationship between each of the elements of the group. If the sub- 
group is not selfsconjugate, then some of the elements of the group are; and 
again there is a relationship between the elements of the group. The important 
fact is that there is a relationship between the elements of a group, and 
conjugate theory provides a means of finding this relationship. 

The special. types of groups determined are those which have orders pe, 
pay and p respectively. Thore are always two groups of order p, one eyelic 
and the other Abelian, If p divides q-, there are two groups of order pq. 
The first is the cyclic group, and the second is non-Abelian, There exists 
only one group of order p which is the cyclic group, 

The procedure for finding groups of order p“q is similar for different 
Band g. However, in each case it is necessary to go through the process 


of determining tho results, as they are not always the same, Similarly, the 
sane is true for groups of order pq. There exist 3 groups of order p- 
where p = 2, 


